We focus on one of the famous problems in theoretical physics today: the problem of energy-momentum localization. Although many authors have endeavoured to solve this problem, it has remained unsolved until now. In this work, we consider the generalized version of the Landau-Lifshitz definition in (R)-Gravity to discuss the energy-momentum localization problem in Gödel-type metrics. We also take into account five popular (R) models to obtain specific results.
Introduction
Much research has been done [1] [2] [3] [4] [5] [6] [7] [8] into modified gravitation theories such as torsionless (R)-gravity and curvature-free (T )-gravity as an alternative to dark energy, to explain the acceleration of the Universe discovered from supernova observations [9, 10] . The main question in this research area is "Why is the Universe expanding faster than it should be? " There are three important ideas to explain this very important phenomenon: a cosmological constant, the presence of dark energy, and modified gravity.
One can easily see that (R)-gravity has attracted interest from many scientists. The theory of (R)-gravity has many applications in gravity and cosmology. To describe torsionless (R)-gravity we should modify the Einstein- * E-mail: musts6@yahoo.com (Corresponding author) Hilbert action:
where is the determinant of the metric tensor, S is the matter part of the action, κ = 8πG and (R) is a non-linear function of curvature scalar R [11] . This equation is obtained directly by replacing the Ricci scalar R by (R) in the Einstein-Hilbert action in General Relativity. It can be seen that we need quadratic corrections to the Einstein-Hilbert action for renormalizability in the general theory of relativity [12] [13] [14] . Actually, modifying a theory of gravity is risky; there will be unwanted consequences, for instance violations of the experimental results, instabilities and ghosts [8] .
The corresponding field equations, after varying the action given above with respect to the metric tensor, are obtained as
where
and ∇ µ defines the covariant derivative. After constructing the field equations, one gets
Using this equation, one can find a relation between the (R) and F (R) functions. For any metric with constant Ricci scalar (we use R = R 0 ) we have
The constant Ricci scalar case in (R) theories of gravitation was firstly considered by Cognola and his collaborators [15] . In the non-vacuum case, the condition for constant Ricci scalar is defined by
Before introducing the generalized version of LandauLifshitz complex in (R) gravity, we give a brief history of the energy-momentum localization problem in theoretical physics. Einstein [16] was the first researcher who tried to find an expression to define the energymomentum distribution of the Universe. After Einstein's formulation, many others such as Landau-Lifshitz [17] , Bergmann-Thomson [18] , Weinberg [19] , Papapetrou [20] , Møller [21] and Tolman [22] were produced.. The problem of energy-momentum localization has also been considered in the teleparallel theory of gravitation [23, 24] . Within the general theory of relativity, Virbhadra and his collaborators revived interest [25] [26] [27] [28] [29] [30] . Next, myriad works evaluating energy-momentum distributions have been prepared [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] , and there are also a few papers on the energy-momentum localization problem in teleparallel gravity [23, 24, 40, [43] [44] [45] [46] . Recently, Multamäki et al. [47] studied the energymomentum localization problem in (R) theories of gravitation. Multamäki and his collaboratï£·rs obtained a (R)-gravity version of the Landau-Lifshitz energy-momentum formulation that is valid for any metrics which have constant Ricci scalar. The generalized Landau-Lifshitz energy-momentum complex was found to be 
The corresponding 00-component of eq. (7) gives the energy distribution associated with the Universe, and takes the following form [47] 
(10) The main purpose of this work is to obtain the energy distribution associated with Gödel-type solutions, and then we discuss the results for some important (R) models.
Generalized
Landau-Lifshitz complex in Gödel-type metrics Gödel, in 1949 , obtained a solution of Einstein's field equations, with cosmological constant, for incoherent matter [48] . The solution represents a spacetime model with rotation. The Gödel-type spacetimes with no expansion, in canonical cartesian coordinates, are defined by the following metric [49] 
where, , σ , are the constant parameters. Thence, we have the metric tensor µν as
and
The surviving components of Christoffel symbols for the line-element (11) are 
From this point of view, the non-vanishing components of the Ricci tensor are calculated as
Hence, the constant Ricci scalar is found to be
Next, the non-zero components of the Einstein tensor are
Using the calculations performed so far, one can obtain the following non-vanishing components of 
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Finally, we get the generalized Landau-Lifshitz energy density in the (R) theories of gravitation: 
Gödel-type energy in some popular choices of (R) models
There are many exact solutions in (R)-gravity. One can find the complete characterization of the theory in the work prepared by Capoziello and de Laurentis [50] . Now, we use five well-known (R) models to evaluate the energy density associated with the Gödel-type spacetimes given by equation (43) . Remember, the constant Ricci scalar had been calculated as
The 1st choice
The first choice [51, 52] is described by the following definition
where ξ is a positive real number and ξ = 0 gives the general relativity case. Hence, the 00-component of the generalized Landau-Lifshitz energy-momentum complex is reduced to
here we introduced that
The 2nd choice
The second choice is known as the (R)-Dark Energy model [53] and invokes the following function
Here ε is a constant and by choosing ε = 0 we get the general relativity case. As a result, we find the following energy density 
The 3rd choice
Now, we discuss another important (R) model. The third model [54] is defined by
where and are constant parameters. As shown by [47] , the case has a stable vacuum whenever
For the energy density here we have 
The 4th choice
In this part of the work, we consider another well-known special case of (R) gravity which is given by the following relation [55] (R) = R − ln
where , , ω are constants and is an integer. The parameters introduced in this choice are related to the cosmological constant by the constant curvature condition which is defined as [47] + (4Λ) 2
In this case, the 00-component of τ µν takes the following form
The 5th choice
The last case that we consider is known as the Chameleon model and belongs to the following general class of mod-
where ε is a constant, is an integer and Λ is the cosmological constant. Note that the sign of the second term is important to reproduce the Chameleon [53] , and this term ensures that the model is equivalent to the general relativity when we write = 1. Hereby, we obtain
Final remarks
In this study, we have discussed the energy-momentum localization problem for stable Gödel-type spacetimes in Cartesian coordinates using the Landau-Lifshitz energymomentum complex in (R) gravity. The stable Gödel-type universes have the following constant Ricci (curvature) scalar
We know that this term ican be used to determine whether a singularity is essential. The condition that the Ricci scalar becomes infinite shows that the singularity is essential. Hence, it is obvious that there is no singularity for the stable Gödel-type spacetime at any point of the universe unless we have a relation such as = −σ .
We have obtained that the energy distribution (including matter plus gravitation) associated with the stable 
The limit defines the energy distribution of the stable Gödel-type spacetimes in general relativity. This means that the energy density associated with the Gödel-type model in general relativity is generalized by the presence of the additional term. We also calculate five different exact solutions for the Gödel-type metrics by considering five well-known (R) models.
